A delayed predator-prey diffusion system with homogeneous Neumann boundary condition is considered. In order to study the impact of the time delay on the stability of the model, the delay τ is taken as the bifurcation parameter, the results show that when the time delay across some critical values, the Hopf bifurcations may occur. In particular, by using the normal form theory and the center manifold reduction for partial functional differential equations, the direction of the Hopf bifurcation and the stability of the bifurcated periodic solution have been established. The effect of the diffusion on the bifurcated periodic solution is also considered. A numerical example is given to support the main result.
Introduction
More and more attention has been paid to the dynamics of the predator-prey models since the well-known Lotka-Volterra model was brought forward. There are many papers dealing with the stability and bifurcation of differential equations with delays, for instance [1, 3-5, 9, 18-20] . Recently, Celik [1] considered the following system        N (t) = r 1 N (t) − εP (t)N (t), 1) where N (t) and P (t) are the population densities of the prey and predator at time t respectively, r 1 , r 2 , θ and ε are all positive constants, and τ ≥ 0 denotes the delay time for the predator density. In fact, researchers prefer to replace this constant r 1 , thus we have the following delayed Leslie-Gower system          N (t) = r 1 N (t) 1 − N (t) K − εP (t)N (t), P (t) = P (t) r 2 − θ 1 P (t − τ ) N (t) .
(1.2)
We should point out that there are many results for system (1.2), for more details, see [2, 14, 15] . Obviously system (1.2) has a unique positive equilibrium point E * (N * There are many papers dealing with Hopf bifurcation of differential equations with delays and spatial diffusion, for instance [7, 8, 12, 13, 16, 17] . If we further consider the delayed reaction-diffusion system with Neumann conditions, resulting from considering one spatial variable and adding diffusion terms d 1 
, t > 0, x ∈ (0, π), ∂N (t, x) ∂x = ∂P (t, x) ∂x = 0, x = 0, π.
This paper is organized as follows. In Sec. 2, we focus on the stability and existence of the Hopf bifurcation of the positive equilibrium. In Sec. 3, we investigate the direction and stability of periodic solutions bifurcating from Hopf bifurcation by using the conclusions in [4] , and some numerical simulations are carried out for illustrating the theoretical results. Finally, we study the effect of the diffusion on bifurcated periodic solutions.
Stability of Positive Equilibrium and Existence of Hopf Bifurcations
As shown above, system (1.2) has a unique interior equilibrium E * (N * , P * ), where
Clearly, the unique positive stationary solution of system (1.3) is also E * (N * , P * ), and system (1.3) can be rewritten as
where, for simplification of notation, we use u(t) for N (t, x) and v(t) for P (t, x) and (u(t), v(t)) = (N (t, x), P (t, x)) is in a suitable Hilbert space X. For example, we can take
2)
where h.o.t. stands briefly for high-order terms, i, j, l ≥ 0,
The characteristic equation for the linear equation
The eigenvalues of d∆ on X are µ 
By the same methods as that in [7] , we can obtain that (2.3) is equivalent to
Hence, we conclude that the characteristic equation (2.3) is equivalent to the sequence of characteristic equations:
where
It is clear that Eq. (2.4) with k = 0 is the characteristic equation of the linearized system of (1.2) at positive equilibrium. When k = 0, Eq. (2.4) can be written as
Thus,
Hence, Its roots are 
can guarantee the simplicity of λ = iω, we only need to consider the sign of
Again, for convenience, we study (dλ/dτ )
We have dλ dτ
and
Equation (2.7) was used in the last step. From Eq. (2.6), we obtain the following set of values of τ for which there are imaginary roots: where 0 ≤ θ 1 ≤ 2π, n = 0, 1, 2, . . . , and
For this case, we can see that for τ = τ n (n = 0, 1, 2, . . .), Eq. (2.4) with k = 0 has simple roots ±iω + and Re λ (τ n ) > 0. Let τ n , ω be defined as in Lemma 1.1. Denote
We can obtain the following result. 
So, we have
It is clear that there are no ω 1 such that Eq. (2.4) with k ≥ 1 has pure imaginary roots ±iω at the condition of
By computing, we have 
Hopf bifurcation values for system (1.3).
Properties of Hopf Bifurcations
In this section, we shall study the properties of periodic solutions bifurcating from the point E * by applying a Hopf bifurcation result for PFDEs due to Teresa Faria (see [4] ).
In the following, Ω ⊂ R n is open, X is Hilbert space of functions from Ω to R m with inner product ·, · . We write u t ∈ C for u t (θ) = u(t + θ), −r ≤ θ ≤ 0. We consider PFDEs with an equilibrium point at the origin, given in abstract form (i.e. in the phase space
we assume the following properties: Under (H1) and (H2), it was shown in [10, 11] that the initial value problem 
I has only its point spectrum, and σ(I) = σP (I) = {λ ∈ C : ∆(λ)y = 0 for some y ∈ dom(∆)\{0}}, where
For any a ∈ R and Re λ ≥ a, the number of solution of (3.2) is finite. It is known that the characteristic equation (3.2) has the form 
given by
In Sec. 2, we know that the eigenvalues of d∆ on X are µ k = {µ 
and the set {β
forms an orthonormal basis of the space X. Clearly, for the linearized equation of (3.4), (H1)-(H3) are satisfied. Also,
where B k has noted in (H3). So (H4) is satisfied.
Let Λ 0 = {−iω, iω} and τ = τ n + α, where ω, τ n are defined as before, Λ 0 contains the pure imaginary eigenvalues of the infinitesimal generator associated with the flow of
By using the same methods as that in [7] , for Eq. (3.6), its associated FDE in
where R, G are given by Through the previous changes of variables, we can consider Eq. (3.6) instead of (1.3). It is easy to know that R = L(τ n ), where
On the other hand, we have ∆β
Equation (3.7) can be written aṡ Setting x = √ πz, then (3.8) can be changed intȯ
Notice that system (1.1) can be given as in Eq. (3.9), this proves that the dynamics for (1.1) and for the associated FDE (3.7) are the same near the equilibrium and α = 0. In (3.6), denote by
We need the following conclusion for Eq. (3.6).
Lemma 3.1 (See [4]). Suppose (H1)-(H4) hold and let
With the above notation, also assume
Then, through some suitable change of variables, (3.6) and (3.7) have the same expressions on the center manifold which are up to third-order terms.
In what follows, we show our main result in this section. Proof. By the previous discussions and Lemma 3.1, we know that, when the condition (H5) holds, the normal forms giving the flow on the center manifold for (3.6) and (3.7) can have the same expressions up to cubic terms. F (v, α) can be written as
The condition (H5) is equivalent to
Kr1
. 
We know that the equations on the center manifold of E * for system (1.2) and the system (1.3) coincide up to third-order terms under some conditions, which are sufficient to determine a generic Hopf bifurcation. It has been shown in Sec. 2 that Hopf bifurcations occur in system (1.2) when τ = τ n , a formula for determining the direction of the Hopf bifurcation and the stability of bifurcating periodic solutions is presented by applying the normal form theory and center manifold reduction. Thus, the properties of bifurcating periodic solutions for system (1.3) at τ = τ n could be easily concluded.
In the end of this section, we give a numerical example to illustrate our main results. Let is stable when τ ∈ [0, τ 0 ), as illustrated in Fig. 1 . When τ crosses through the critical value τ 0 , E * losses its stability and Hopf bifurcation occur, that is, a family of periodic solutions are bifurcated from E * , and these bifurcating periodic solutions are stable, which are depicted in Fig. 2 . The conclusions shows that, when the diffusion parameters are relatively larger than the intrinsic growth rates, and the delay τ is relatively small, the populations of the species are stable at the level of the equilibrium; when the delay τ grows bigger and bigger, this equilibrium state is broken, the populations of the species change to new equilibrium states. In the above example, the diffusion parameters and intrinsic growth rates are fixed, and only the delay τ is varying, so these new equilibrium states are completely induced from the delay.
Effect of Diffusion
We have discussed how Hopf bifurcations for system (1.3) at E * and τ = τ n can be deduced from the analysis of the case without diffusion in Sec. 3. Assume (H) holds, Theorem 3.2 shows that Hopf bifurcations with the same properties occur at τ = τ n and E * both for systems (1.2) and (1.3). In this sense, we say that the diffusion terms do not have effect on the Hopf bifurcations.
In the following, we discuss the effect of diffusion on Hopf bifurcations for system (1.2) when the condition (H) is not satisfied. For the simplicity of discussion, in what follows, we always suppose that the condition d 2 > r 2 holds.
Consider the characteristic equation (2.4) of system (1.3) again where
Assume λ = iω k , ω k > 0 is a solution of (4.1) with k ≥ 1, then
which implies that
so we have We can obtain the following lemma. If the assumption (4.6) holds, then Eq. (4.1) with k = 1 has pure imaginary roots ±iω 1 .
It is clear that the assumption (H) does not hold under the conditions in Lemma 4.1. Thus, we have the following results. it can give rise to Hopf bifurcation at E * .
Notice that Eq. (4.1) has pure imaginary roots when k = 1 (k = 0), thus bifurcating periodic solutions of (1.3) at τ = τ n 1 are spatially inhomogeneous. 
